arXiv:1504.01677vl [math.AP] 6 Apr 2015 


ON POINCARE, FRIEDRICHS AND KORNS 
INEQUALITIES ON DOMAINS AND 
HYPERSURFACESll 


R. Duduchava 

1. Javakhishvili Tbilisi State University, Andrea Razmadze Mathematical Institute, 
Tamarashvili str. 6, Tbilisi 0177, Georgia; roland.duduchava@tsu.ge 

2010 Mathematics Subject Classification: Primary 35J57; Secondary 74J35, 
58J32. Key words and phrases: Poincare inequality, Friedrichs inequality, Poin- 
care-Korns inequality, Friedrichs-Korns inequality. Open mapping theorem, Bessel 
potential space. Hypersurface 


Abstract 

The celebrated Poincare and Friedrichs inequalities estimate the Lp-norm 
of a function by the Lp-norm of the gradient. We prove the Poincare inequality 
for a domain U C M” and for a hyper surface C C M” based on open mapping 
theorem of Banach only. For a cylinder which has a hypersurface as a base, 
is prove stronger inequality, involving only the surface derivatives. Similar 
inequalities for the uniform C-norm are proved as well. We also estimate 
norm of functions prove inequalities for some generalizations of the mentioned 
inequalities. 

We also prove Poincare-Korns and Friedrichs-Korns inequalities for vector- 
functions estimating the Lp-norm of a function by the Lp-norm of the defor¬ 
mation tensor only on domains and on hypersurfaces. The proofs are based 
on the paper |Dul0| of the author on Korns inequalities. And again, the norm 
of the function in a cylinder is estimated by is the deformation tensor on the 
base of the cylinder. 


Introduction 

Let 1 ^ p ^ cxD and G be a bounded connected open subset of the n-dimensional 
Euclidean space M” with a Lipschitz boundary (a domain with the uniform cone 
property). Then there exists a constant C, depending only on G and p such that 
for every function ip in the Sobolev space Wp(r2) the celebrated Poincare inequality 
holds 


||(p-polLp(G)KG||Vp|Lp(G)|l, (1) 
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where 


( 2 ) 


m ■= / ^{y)dy 

mes il 

is the average value of ip over Here mesH stands for the Lebesgue measure of 
the domain H and the constant C depends on H and p only. When H is a ball, the 
above inequality is called a Poincare inequality, while for more general domains H 
inequality ([1]) is known as a Sobolev inequality (cf., e.g., |DL90j h 

Let Aif) be a subset of the closed domain TWq C H of co-dimension 1 and have 
non-trivial measure mesA^o 7^ 0 (can be a non-trivial part of the boundary). Let 
denote the trace of ip on A4.q. The following 


|| 4 ,|L,(n)|| < c 


iiv»;|L,(fi)r 


ip'^ix) da 


'Mo 


i/p 


ip e w;,(H) (3) 


is known as Friedrichs inequality for Aio = dQ, p = 2 (see |Tr72l Theorem 6.28.2], 
|HW081 Theorem 4.1.7]). 

If A4o is the same as in (|3]), the next inequality 


||v|Lp(Ji)|| ^ C||Vv>|L,(SJ)|| (4) 

for a function ip G Wp(Q, Mg) which vanish on Mg, is a variant of inequalities ([1]), 
([3]) (see |Tr72l Theorem 6.28.2], |HW08l Theorem 4.1.7] and |W187l Theorem 7.6, 
Theorem 7.7]). 

The inequalities (|2]) and dl]) hold, of course, if Mg is a subdomain of H. 

In contrast to ([1]), in inequalities (0]) and (0]) the domain H can also be unbounded 
(might have an inhnite measure), provided mesAlo < cxo in ([3]). 

Moreover, for a cylinder H := C x [a, b] with a base C which is a hypersurface in 
M"', we prove a stronger inequality, namely the following 


||v>|MSj)|| !(C 


||Vcv>|lLp(SJ)ll’’ 


<P^(a') da 


'Mo 


1/p 


ypGWAC), (5) 


|l(p|Lp(H)|| ^ C'|lVc(/^|Lp(H)||, ip G WVH, A4o), 


( 6 ) 


where Vc = (T>i, • • •, PriY is the surface gradient and T>i,..., Vn are the Gunter’s 
derivatives (see § 1), and ip G Wp(Q, Mg) vanishes on a (u — l)-dimensional strip 
Mg := To X [a,b] with Tq C C-a (n — 2)-dimensional subset of C (can be a piece 
of the boundary dC). The inequality (jS]) is remarkable, because contains only the 
surface derivatives and does not contains the derivative with respect to the variable 
f G [a,b] transversal to the surface C. 
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For a cylinder := u x I, I := [a, b], with a flat base w C M” the inequalities 
(j5]) and ([6]) have the form 

||.^|L,(/„)|| <C[||V„ 4 .|M/„)||»+||^|L,(r„x/)||»]'/", (7) 

V e Wj(/„), 

||<^|L,(/„)|| <C||V„^|L,(/„)|1. <^ewj(/„,r„x/), (8) 

where Va;(U) is the gradient in u (in and contains only (n — 1) derivatives. 

Poincare and Friedrichs inequalities also hold for a smooth surfaces 

||v>-»>c|MC)|| $C||Vc»>|MC)||, 7>6WJ(C), (9) 


\\fK(c)\\ <i C 


||Vcv|L,(C)||» + 


da 


To 


1/p 


^eWiiC) ( 10 ) 


|l99|Lp(C)KC||Vc^|Lp(C)|l, v^eW;,(C,Fo), (11) 

where (pc denotes the average value of ip over C: 

ipc := f ip{y)da. (12) 

mesC Jc 

Fq is a subset of the closed surface Fq C C of co-dimension 1 and has non-trivial 
measure mesFo 7 ^ 0 (Fq can be a non-trivial part of the boundary). 

The inequalities (E]) and fITTD hold, of course, if Fq is a subsurface of C. 

The inequality dH]) holds for surfaces of finite measure, while the inequality fITT]) 
does not needs such constraint and the surface C might have infinite measure. 

The following 


||v>tW'(Ji)|| < ||v>|W7(SJ)|| 


||S”v|L,(SJ)||» 



v 6 W7(SJ), 


(13) 


||V>|W'(M)|| $ ||v>|W7(M)|| < C 


Y, \\V'-^\K(M)r 



V e w;“(A1), 


||^|w'(fi)|| < ||v^|W7(!l)|| <iCY I|9°7^|L,(!1)||'' ^ e W/“(fi.7M„), 

\a\=m 


(14) 

(15) 
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llv>|W'(A<)|K ||v>|W™(A1)|| s:c 5^ ||P>|L,(A1)|| v6W7(A1,r„) (16) 

\a\=m 


ioY i < m, m = 2,3,..., generalize Poincare inequalities ([I]) and ([9]), while the 
inequalities 


I|4’|W5(!1)|| < ||4:.|W”(fi)|| < C 


n i/p 


E l|9V|Lp(!1)ll 

\oL\=m 


”+ / 

Jmo 


(17) 


v e w™(fi), 


ll7>|W'(7M)||<||4.|W”(7M)||s:C 


E \\S‘‘pK(M)r+ly{^)\'‘d^ 

\a\=m 


'Fo 


i/p 


(18) 


^ e W”(A1) 


for £ < m, m = 2, 3,..., generalize Friedrichs inequalities (jS]) and ca (see |Tr72i 
Theorem 6.28.2], |HW08[ Theorem 4.1.7]). 

All above inequalities hold also for the space of 1-smooth functions C'^(fl)-just 
replace the Lp-norm by |lv9|C(C)|| := max 2 ;gn lv^(^)| and Wp-norm by ||v9|C^(C)|| : = 
max 2 ;gn lv^(^)| +niax 3 ;gQ |V(^(x)|.. For example, the inequality ([I]) acquires the form 


max |y9((r) — (^o(a:^)| ^ C'niax I V(^(x)|. (19) 

xGQ, 

There is only one essential difference: in analogues of inequalities (0]), flT^ . ([9]), flT3|) 
and flT7|) the sets A4o and Tq can be one point sets. 

It turned out, that for vector-functions U(x) = {Ui{x ),..., Un{x)Y on a domain 
C M” even gradient is superfluous in the inequalities ([I]), (jl]) and it suffices to 
take the deformation tensor: 

||U|Lp(ll)|| ^ C [||DefU|Lp(ll)|]P+||U+|Lp(A4o)r]'^^ U G W^(ll),(20) 

||U|Lp(C)|| ^ C [||DefcU|Lp(C)r + ||U+|Lp(ro)r]'/'’ U G Wi(C), (21) 

||U|Lp(ll)|| ^ C||DefU|Lp(ll)||, U G W^(ll, A4o), (22) 

||U|Lp(C)|| ^C||DefcU|Lp(C)|| UGW;,(C,ro), (23) 

where A4o and Tq are the same as in ([3]) and (ca, respectively. Def(U) and 
Defc(U) are the domain and the surface deformation tensors, respectively (see ([9]) 

and ffT0|) h and only- - -< different linear combinations of the derivatives 

djUk (of derivatives VjUk, respectively; j,k = 1,... ,n) are involved. 
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For a cylinder f2 := C x [a, h] with a base C which is a hypersurface in M"" and 
a vector-function U = (17i,..., t/n)"'", we prove a stronger inequality, namely the 
following 

||U|Lp(fi)|| ^ C [||Defc(U)|Lp(fi)r + ||U|Lp(7Uo)|l"]'^^ U G W;,(fi),(24) 
||U|Lp(fi)|| ^ C||Defc(U)|Lp(fi)||, U G Wi(fi,Afo), (25) 

where M.q := Fq x [a, 5] is a strip, Fq C C. The inequality ([5]) is remarkable, 
because estimates the vector-function U, instead of n{n + 1) derivatives VjUk, j = 
1,...,n-|-1, k = 1,... ,n including the transversal derivatives Vn+iUk, k = 1,... ,n, 
by only surface deformation tensor DefcC'(U). 

For a cylinder := oj x I, I := [a, b], with a flat base u C the inequalities 

(12T|) and (12^ have the form 

||U|Lp(Jj|| ^ C [||DeL(U)lLp(Jjr + ||U|Lp(Fo x 

U G w;(/^), 

||U|Lp(Jj|| ^C||Def^(U)|Lp(/J|l, U G W;(4, Fq x/), 

where Def^(U) is the deformation tensor in uj (in and contains only 

derivatives. 

The inequalities fl20|) - fl23|) follow from Korns inequalities and we call: 
Friedrichs-Korns inequalities and (l2^ - (l2^ Poincare-Korns inequalities. 


(26) 

(27) 

n{n — 1) 
2 

(EUD-dn]) 


1 Auxiliaries 


Throughout the present paper we will assume that C be a sufficiently smooth hy¬ 
persurface in M"" with the Lipschitz boundary F ■.= dC (a surface with the uniform 
cone property), dehned by a real valued smooth function 

C= |^Gf2 : Tc(a') = 0}, (1) 

which is regular V Tc(a') ^ 0. The normalized gradient 


u[x) := 


VTc(a’) 


A" G C 


( 2 ) 


|VTc(.v)| 

dehnes the unit normal vector field on C. 

The collection of the tangential Gunter’s derivatives are dehned as follows (cf. 
iKHEBm IDMMnbl iDflTnl lDFTT] i 


Vj := dj - nj{x)d„ = ddj, Vj{x) := 


|VTc(a)| 


j = l,...,n, (3) 
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where 


ei = (l,0,...,0)^,...,e- = (0,...,0,l)^ (4) 

is the natural basis in M” and := 'YTj=i denotes the normal derivative. For 
each 1 < j < n, the hrst-order differential operator Vj = d^j is the directional 
derivative along the tangential vector 

n 

d^:=vr5e^, (i/(x), d^(a:)) = 0, ^z/fcd'= = 0, j = (5) 

t=i 


the projection of e-^ on the space of tangential vector fields to S. 

The surface gradient is the collection of the Gunter’s derivatives 




( 6 ) 


and is an equivalent form of the surface gradient defined in the differential geometry 
by means of covariant metric tensor (see |DMM06l IDulOl IDull] ). The next Lemma 
11.11 was proved in |Dnini Lemma 1.2]. 

Lemma 1.1 For ip G G^(iS) the surface gradient vanishes = 0 if and only 
if = const. 


Wp(G) and Wp(C), 1 < p < oo, denote the Sobolev spaces on a domain G C M” 
and the surface C endowed with the norm: 


\W I wj(sj) 


and, respectively, 


y I w”(c) 


y L,(ji) 


i/p 


i=i 


||^|Lp(G) 


i/p 


+ W'^jF I ^piQWp 

i=i 


(7) 


( 8 ) 


Let us define the space Wp(G, Aio) for a domain G C M” with a Lipshitz bound¬ 
ary M := dfl and a subsurface M.q C. Al-of non-zero measure as the closure in 
Wp(f2) of the set C°°{VL, M.q) of smooth functions (p{x) which have vanishing traces 

on Alo, i-e. = 0 for all a' G M.q. The space Wp(G, AIq) inherits the standard 

norm ||(^ | Wp(G) || from the space Wp(G) (see ([7])). 

If C is a subsurface of a closed surface S without boundary, Wp(C) denotes the 
space of functions g) G Wp(iS), supported in C. Let = 5 \C be the complemented 
surface with the common boundary dC = dC^ = T; The notation Wp(C) is used for 
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the factor space Wp(C)/Wp(C‘^). The space Wp(C) can also be interpreted as the 
space of restrictions rccp := of all functions ip G Wp(S) to the subsurface C. 

Similarly are dehned the spaces Wp(Q) and Wp(Q) for a domain C M"". 

We refer to [?, IDnlOl IDnllj for details about these spaces. 

For an n-vector-function U(a:) = ([/i(x),..., [/n(x))~’^ on a domain in the Eu¬ 
clidean space n C M"" the deformation tensor reads 

Def(U) = [Djt(U)]„^„, D,t(U) := i [9,(7^ + . (9) 

The following form of the important deformation (strain) tensor on a surface C was 
identihed in |DMM06] : 


Defc(U)= U = E;=if^.d^ e V(C), j, k = 1,... ,n,(10) 

r n 

:= \ [iVfV)k + (ViV),] = i VkU, + V,Uk + E UmVm{u,Uk) 


m=l 


where (Vf\J)k := (T>^U,e^) and V(C) is the linear space of all tangential vectors- 
functions to the surface C. 

A vector U G Wp(fi) is called a rigid motion if Def(U) = 0 and a vector 
V G Wp(C) is called a Killings vector field on the surface C if Defc(V) = 0. 

The next Theorem 11.21 {Korns I ineguality for domains “without boundary con¬ 
dition”) is well known (see pnn] for a simple proof when p = 2, m = 1 and see 
[DulOl Theorem 2.3] for a general case). 

Theorem 11.31 is proved in [DulOl Theorem 2.3]. P. Ciarlet proved it in [CiOO] for 
the case p = 2, m = 1, manifold without boundary, for curvilinear coordinates and 
covariant derivatives. 


Theorem 1.2 Let l<p<cxo,DcM"' he a domain with the Lipshitz boundary 


and 


|Def(U)|Lp(D)|| : = 


||D,-fc(U)|Lp(D)| 

J,k=l 


1/p 


u e W‘(n), (11) 


Then the ineguality 

||U|Wj(D)|| < M [||U|Lp(D)f + ||Def(U)|Lp(D)f]^^^ (12) 

holds with some constant M > 0 or, eguivalently, the eguality 

||U|Wj(D)||g := [||U|Lp(D)f + ||Def(U)|Lp(D)f]^/'’ (13) 

defines an eguivalent norm on the space Wp(Q). 

A rigid motion U, Def(U) = 0, has the unigue continuation property: if\J{x) = 
0 on a set AAq described in ([3]), than U(x) = 0 everywhere on kl. 


7 























Theorem 1.3 Let 1 < p < oo, C C M” be a Lipshitz hypersurface with or 
without boundary and (see flTOj) for the deformation tensor Defciy^)) 


|Defc(V)|Lp(C)|| ; = 


5^ ||Sii(V)|L,(C)| 


-| 1/P 


J,k=l 


V G Wj(C). 


(14) 


Then the inequality 

||V|H1(C)|| < M [||v|Lp(C)||'’+||Defc(V)|Lp(C)|n^^'’ (15) 

holds with some constant M > 0 or, equivalently, the equality 

||VlWj(C)|l^ := [|1V|L,(C)1|"+ ||Defc(V)|L,(C)f]'/" (16) 

defines an equivalent norm on the space Wp(S). 

A Killings vector field V, Defc(V) = 0, has the unique continuation property: 
if\{x) =0 on a set Tq described in (1T0|) . than V(x) = 0 everywhere on C. 

For the proofs of the next Theorem 11.41 and Theorem 11.51 {Korns II inequality 
for domains “with boundary condition”) we refer to the same sources |Cinn( IDnlO] 
mentioned above. 

Theorem 1.4 Let 1 < p < oo, Q G M"' be a domain with the Lipshitz boundary. 
Then the inequality 


||U|Wj(fi)|| < M||Def(U)|Lp(fl)|| (17) 

holds with some constant M > 0 or, equivalently, the equality 

||UlWj(fi)|l(, ;= |lDef(U)lLp(fl)|| (18) 

defines an equivalent norm on the space Wp(r2). 

Theorem 1.5 Let 1 < p < oo, C be a Lipshitz hypersurface with boundary. 

Then the inequality 


||V|W;(C)|| <M||Defc(V)|Lp(C)|| (19) 

holds with some constant M > 0 or, equivalently, the equality 

I|V|WJ(C)||„:= ||Defc(V)|L,(C)|| (20) 


defines an equivalent norm on the space Wp(C). 












Remark 1.6 A remarkable eonsequences of the foregoing theorems \1.2M.5\ are 
the facts that the spaces Wp{kl) andWp{kl) (as well as the spaces Wp{C) andWp{C)), 
where 

W^p(n) ;= |u = (t/i..., : [/,, D,fc(U) G Lp(ll) for all j,k = l,...nj, 

W;(C) ;=|v=(l"i...,K)^ : Vj , Djk(V) e Lp(C) forallj,k = l,...nj 

-j- 

are isomorphic (i.e. can be identified), although only - ^linear combi¬ 

nations of the derivatives djUk (of derivatives VjUk, respectively), j,k = 1,.. .n 
are involved in the definition of the equivalent norms in flT^ and f[T5]) (of the norms 
in (m and respectively). 


The next Lemma O is a slight generalization of |Tr721 Theorem 6.28.2] proved 
there for p = 2. 

Lemma 1.7 Let Q be a bounded domain with the Lipschitz boundary ( (a surface 
with the uniform cone property^, m = 1, 2,..., 1 ^ p < oo and let F{(p) be a non¬ 
negative continuous functional on the Sobolev space W™'(r2).- 

i. F : W”^(r2) —?■ M and F{Xip) = |A|F(99 ) for all complex A G C and all 

functions if G ]H[™(12); 

a. 0 ^ F{ip) ^ C'||<yc|W^(r2)|| for some constant C > 0 and F{P) ^ 0 for all 
polynomials of degree less than m. 

Then the formula 

|P|W”(Ji)||^ := [5^ ||9“v|MJi)|r + F'’(»’)]‘"' (21) 


defines an equivalent norm on the Sobolev space W^{Lt). 

Lemma is valid if e replace Q by a hypersurface C and partial derivatives 8°"-by 
Gunters derivatives P“. 


Proof: Let us note that ||<yc|W™(r2)||^ in fl2T]) defines a norm on W™(r2) indeed. 
Since other properties are trivial to check, we will only check that ||(yc|W™(r2) ||^ = 0 
implies 9 ? = 0. Then F{ip) = 0 and all derivatives of order m vanish: d^'ip = 0 
for all |q:| = m. The latter means that the corresponding function is polynomial of 
order less than m, i.e., cyx^. Since F[ip) = 0, we get = 0 due to the 

|/3|<m 


property (ii). 
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Due to the condition (ii) holds the inequality 

ll^i I wy(n)||F « [ 5] ||a”tj|Lp(f!)||’’ + u | w”(n)r]< 2 >/f||v. 1 w”(f!)||. 

a=m 

Therefore the embedding of the spaces Wp(Q) C Wp jp(Q), where Wp^^(r2) is the 
closure of C’^(Q) with respect to the norm ||-^ | W™(r2)||i?, is continuous. 

If we apply the open mapping theorem of Banach (see |R,u73( Theorem 2.11, 
Corollary 2.12.b], we conclude that the inverse inequality 

holds and accomplishes the proof. □ 


2 Proofs of the basic inequalities 

Proof of inequality ([T]): Let denote the subspace of Wp^^(r2), consisiting 

of functions with mean value zero: 


: = 


1 


mes D 


(p(y)dy = 0. 


( 1 ) 


The formula 


||v>|Wj^,(SJ)|| :=||Vv>|L,(Ji)|| (2) 

defines an equivalent norm in the space Wp^(f2). Since other properties are trivial 
to check, we only have to check that \\(p | Wp_^(r2) || = | Lp(r2) || = 0 implies 

(/? = 0. Indeed, the trivial norm implies that the gradient vanishes = 0, which 
means that the corresponding function is constant ip = Cq = const; since the mean 
value is zero = Co = 0 and p = Q. 

The inequality \\^p\ || ^ | Wp(D)||, where 

ll<^|Wj(Ji)|| := [||V>|MJi)r+||VV.|MSJ)||2]''''’ 

is the standard subspace norm on is trivial. Therefore the embedding 

Wp^^(r2) C Wp{Q) with the appropriate norms is continuous and proper, since 
constants belong to Wp(f2) but not to Wp_^(r2). 

If we apply the open mapping theorem of Banach (see [Ru731 Theorem 2.11, 
Corollary 2.12.b], we conclude that the inverse inequality 

11^ I Wj(!J)|| < Cill^ II = Cill I Lp(!J) II 
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holds with some constant Ci < oo for all G (see |Tr721 Theorem 6.28.2] 

for a similar proof). 

Since ^ ^ Wp^^(r2), we have 

||(p - (pf, I Wj(f2)r = - 7^0 I Lp(f2) r + II Vyp I Lp(n) f ^ Cf || V(p | Lp(f2) f. 


The claimed inequality ([I]) follows with the constant C := (Cf — 1)^/^. □ 


Proof of inequalities ([3]), (0]), flT^ and flT5|) : Inequalities (|1]) and flT^ are par¬ 
ticular cases of flT^ . Inequality flTS]) follows from fl^TD if the functional F is chosen 
as follows: 

r n i/p 



The condition F{i~p) ^ C||</?|W™(f2)|| (see Lemma fLTl ii) holds due to the Sobolev’s 
continuous embeddings C Lp(Afo), ^ — 1, and the 

trace theorem 




Proof of inequalities ([9]), flTOl) . (fTTD . ffT4|) and ffT6|) : Inequality ([9]) is proved 
verbatim to ([I]). 

Inequalities flTU]) . (ITT]) and (ITB]) follow from (fTT|) (are particular cases). Inequality 
0141) follows from 0211) for surfaces if the functional F is chosen as follows: 


n-f) - 



i/p 


p 


The condition F{lp) ^ C|| 9 ?|W]]^(C) || (see Lemma fLTl ii) holds due to the Sobolev’s 

continuous embeddings W™ ^ ^^^(Tq) C Lp(ro), k = 0,1,... ,m — 1, and the trace 
theorem 

||CDV)+|W”-l''l-‘'''-(r„)|| « Ci||<^|W^(C)|l. |/3| < m □ 

Proof of inequalities ([5]) and ([6]): Let kl := C x [a,b] and Mq := Tq x [a,b]. To 
prove the inequality ([5]) we proceed similarly: the formula 


llv^|W;(fi)||o: = 


||Vc^|L,(fi)||^ 




(X 


da 


'Mo 


i/p 
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defines a norm in the space Wp(C). Indeed, we have to check that ||(p|Wp(r2)||o = 0, 
which implies 

Vc^{x,t) = Q \fxeC, te[a,b], j \ip~^{T,t)\'^ da = 0, (3) 

Jmo 

gives (f = 0. Bnt from the hrst eqnality in ([3]), dne to Lemma fTTTl follows (p{x,t) = 
(fit) is independent of the snrface variable. Bnt since (p{T,t) = 0 on M.q (see the 
second eqnality in ([2])), the fnnction vanishes on the entire level snrface C x {t} for 
all t G [a, h]. Then 99 = 0 in hi. 

Dne to Sobolev’s continnous embedding C Lp(9Vlo) and the trace 

theorem 




(see [?]), the initial norm in the space Wp(Q) 

ll»^|wj(f!)|| := [||,.|Mn)r+||8,^lL,(n)r + ||Vc*=|Mf!)||Y'’’ 

(see |Dnin( iDnllj ) estimates, obviously, the introduced norm 


||Vc(^ I W;(D)||o ^ C 2 \\ip I Wj(D,>lo)||. 


Then from open mapping theorem of Banach follows the inverse inequality 
11 ^ I L„(Ji)|| ^ 11^ I W;(S1)|| ^ C\\<p I W;(S1)||„ 

and this accomplishes the proof of (jS]). 

The inequality ([6]) is a direct consequence of (jS]). 


(4) 


□ 


Proof of inequalities ([9]): The proof is verbatim to the proof of inequality ([1]), 
using the standard norm ([8]) and the equivalent norm ||VcV5|lLp(C)|| on the space 
Wp^^(C). We also have to apply Lemma fTTT] to conclude that VcV? = 0 for G 
Wp(C, To) implies (p = 0. □ 

Proof of inequalities flTOj) . (ITT]) and ffldj) : Inequality flTT|) is a particular case 
of flT0|) (and of ([9])), while (1T0|) is, in its turn, a particular case, m = 1, of (fTT|) . 
Inequality fll4p follows from (I2T]) if the functional F is chosen as follows: 


FM : = 



1/p 


P 


The condition F{(p) ^ C||(p|W™(D)|| (see Lemma fm iii holds due to the Sobolev’s 
continuous embeddings F Lp(Afo) and the trace theorem 

||W|W”-‘-'''(A1„)|| s:Ci||^|W”(Ji)||, 
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□ 


(see [?]). 


Proof of inequalities ffTTD and ffTH]) : These inequalities follow from fl^T]) if the 
functional F is chosen as follows 


for a domain and 




F(v>) - 


r da 


U Mo 


L^ro 


r da 


lip 


lip 


for a hypersurface C (see (jlj) for the justihcation of the condition F{ip) ^ C||(^|W” 
in Lemma [l.Tl ii). 


□ 


Proof of inequality ffT^ (and of similar ones): For the space of smooth func¬ 
tions (7^(17) the proof is verbatim to the cases of the space Wp(f2). □ 

Proof of inequalities fl20|) and fl2T|) : Based on the unique continuation property 
(see Theorem 11.21 and Theorem II.3p , we prove easily that 

||U|w;(SJ)||j := [IIDef U|Lp(n)r + ||U+|L,(V(„)r]'''y 

l|U|Wj(C)||i := [||Def<;U|L,(C)||»+ ||U+|L,(r„)||»]‘'’' 

dehne norms in the spaces Wp(f2) and in Wp(C), respectively. Then the obvious 
inequalities 

l|U|Wj(Ji)||i < Ilu|wj(n)||„ and ||U|Wj(C)||, < ||U|Wj(C)|t„ 

with the equivalent norms on the spaces Wp(Q) and in Wp(C) dehned in ffT5D and 
(fT6l) (see Theorem 11.41 and Theorem 11.51) and the open mapping theorem of Banach 
ensure that the inverse inequalities 

||U|Lp(fi)|| ^ C'i||U|w;(fi)||o ^ C||U|w;(fi)||^, 

||U|Lp(C)|| ^ Ci||Ulw;(C)||o ^ C||Ulw;(C)||^. 

hold and accomplish the proof. □ 


Proof of inequalities fl22]) and fl25D : These inequalities are obvious consequences 
of ([20]) and 1^. □ 

Proof of inequalities fl2TD and fl2^ : Inequality fl24D is proved verbatim to in¬ 
equality (|5|) by using, instead of Lemma II.11 the unique continuation property of 
Killing’s vector helds, solutions to the equtions system DefcU = 0 (see Theorem 

OD . 

Inequality (l25l) is an obvious consequence of fl2T|) . □ 
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